Let X and Y betwo compact Hausdor spaces, and E be a Banach lattice. We show that if there is a non-vanishing preserving Riesz isomorphism : C (X E) ! C (Y ), then X is homeomorphic to Y and E is Riesz isomorphic to R.
Introduction
Let X and Y be compact Hausdor spaces. The Banach-Stone theorem says that if the spaces of the real-valued continuous functions C(X) a n d C(Y ) a r e linearly isometric then X and Y are homeomorphic. The conclusion is still valid if C(X) and C(Y ) are algebra isomorphic or Riesz isomorphic 3]. If we w eaken the compactness of X and Y to realcompactness, then C(X) a n d C(Y ) being algebra isomorphic or Riesz isomorphic implies that X and Y are . By using the biseparating maps, the authors proved in 1] that if T is a linear biseparating map from C(X) o n to C(Y ) and X and Y are realcompact then there exist a 2 C(Y ) w i t h a(y) 6 = 0 f o r a l l y 2 Y and a homeomorphism h : Y ! X such that (T f )(y) = a(y)f(h(y)) for all f 2 C(X), y 2 Recall that a linear map T : E ! F is a Riesz homomorphism if T satis es T(x _ y) = T x _ T y for all x y 2 E. A bijective Riesz homomorphism is called a Riesz isomorphism. Let C(X E) denote the space of all continuous functions from X into E which is endowed with the order f g , f(x) g(x) for all x 2 X.
Each element f of C(X E) i s endowed with the sup norm, i.e., jjfjj = s u p x2X jjf(x)jj:
Obviously, C(X E) is a Banach lattice. A function f is called non-vanishing if f(x) 6 = 0 for each x 2 X. In addition, R denotes the Banach lattice of reals with the usual norm and order.
The motivation of this paper is to study function spaces from the lattice point of view. Especially, we shall consider the following question: Suppose that E and F are Banach lattices and C(X E) and C(Y F) are Riesz isomorphic, are X and Y homeomorphic? Unfortunately, the general answer for this question is negative, as shown by the following simple example. . Then is a Riesz isomorphism. Clearly, X and Y are not homeomorphic, and E and R are not Riesz isomorphic. Furthermore, it is easy to verify that is not an isometry.
The above example indicates that more conditions on Riesz isomorphisms between C(X E) and C(Y F) are needed to make X and Y homeomorphic in the case of F = R. To seek such conditions, we rst study the existence and uniqueness of supports for a Riesz homomorphism from C(X E) t o R. Then the following main theorem is proved: If there is a non-vanishing preserving Riesz isomorphism from C(X E) o n to C(Y ), then X is homeomorphic to Y and E is Riesz isomorphic to R. We also show that the condition: \non-vanishing preserving" is not strong in the sense that any Riesz isomorphism from C(X) onto C(Y ) automatically satis es it.
Supports for Riesz homomorphisms
Let X and Y be compact Hausdor spaces, and E and F be Banach lattices. For h 2 C(X) and u 2 E, let h u 2 C(X E) b e d e n e d a s ( h u)(x) = h(x)u for each x 2 X. We call a 2 X a support for a Riesz homomorphism : C(X E) ! F if (f) = ( 1 X f(a)) for all f 2 C(X E), where 1 X 2 C(X) is de ned by 1 X (x) = 1 for all x 2 X. In this section, we shall show that any non-trivial homomorphism from C(X E) into R has a unique support. Since a Riesz homomorphism between two Banach lattices is a positive operator, the following lemma is a corollary from Proposition 1.3.5 of 8].
Lemma 2.1. Let X be a compact Hausdor space, and E and F be Banach lattices. Then any Riesz homomorphism : C(X E) ! F is normcontinuous. Theorem 2.2. Let X be a compact Hausdor space, and E be a Banach lattice. Then any non-trivial Riesz homomorphism : C(X E) ! R has a unique support.
Proof. Let : C(X E) ! R bea non-trivial Riesz homomorphism. Let the set A X bede ned as A = fa: (f) = 0 for all f 2 C(X E) which vanishes on some U 2 (a)g where (a) denotes the family of all open neighbourhoods of the point a in X. We shall show t h a t A is a singleton whose unique element is the support for . Suppose that A = . Then for any x 2 X, there exist f x 2 C(X E) and U x 2 (x) such that f x (U x ) = f0g, b u t (f x ) 6 = 0 . Thus, we have (jf x j) = j (f x )j > 0:
The family U = fU x : x 2 Xg is an open cover of X, so it has a nite subcover fU x 1 U x 2 : : :
Then f 0, which contradicts the fact that (f) 6 = 0 . Therefore, A 6 = .
Next we show that any a 2 A is a support for . Without loss of generality, it is su cient to prove that for any a 2 A and any f 2 C(X E), f(a) = 0 implies (f) = 0. Suppose the contrary, then there are a 2 A and f 2 C(X E) such that f(a) = 0, but (f) 6 Since is non-trivial, by the de nition of a support, there must exist some u 2 E such that u 6 = 0 and (1 X u) 6 Thus, (h) = 0. Since is an isomorphism, h 0. But h(x 0 ) = u 6 = 0, which is a contradiction.
Next we s h o w t h a t ;1 , t h e i n verse of , is also non-vanishing preserving.
Assume that g 2 C(Y ) is non-vanishing, but f = ;1 (g) i s v anishing at some point x 0 2 X, i.e., f(x 0 ) = 0 . Since is surjective, we can select y 0 2 Y with (y 0 ) = x 0 . It follows that g(y 0 ) = ( f)(y 0 ) = (y 0 )(f (y 0 )) = 0:
However, g(y 0 ) 6 = 0 , since g is non-vanishing. This is a contradiction.
Let bethe associate map of ;1 . To complete the proof, it su ces to show that 1 X = . Suppose that there exists some point z 2 X with z 6 = (z). We may choose a function f 2 C(X E) such that f(z) = 0 and f( (z)) 6 
